The METR technical reports are published as a means to ensure timely dissemination of scholarly and technical work on a non-commercial basis. Copyright and all rights therein are maintained by the authors or by other copyright holders, notwithstanding that they have offered their works here electronically. It is understood that all persons copying this information will adhere to the terms and constraints invoked by each author's copyright. These works may not be reposted without the explicit permission of the copyright holder. previously approximation with a central-Wishart distribution of equal mean. We also express exactly the ZF SNR moments and probability density function, as well as the ZF average error probability, outage probability, and ergodic capacity. Numerical results from analysis and Monte Carlo simulations confirm the accuracy of our new expressions and reveal that the symbol-detection performance for the Rician-fading stream is: 1) unaffected by the 'direction' of the channel-vector mean, 2) unaffected by transmit-correlation, at realistic K values (unlike for Rayleigh-Rayleigh fading), 3) seriously degraded by Rayleigh-fading interference even for large K, which is of concern in heterogeneous networks.
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Although SU and MU MIMO spatial multiplexing have already been standardized in modern wireless systems [5] [9] [10] [11] , the effects of realistic propagation features, e.g., a channel matrix with nonzero mean and correlation, on performance are not yet fully understood even for low-complexity linear symbol-detection methods, e.g., zero-forcing detection (ZF) and minimum mean-square error detection (MMSE) [12] . The former cancels interstream interference but may enhance the noise, whereas the latter balances interference and noise but requires knowledge of In addition, only approximate analyses of ZF are available when all streams encounter Rician fading, with [26] [28] [29] [30] exploiting an approximation of the intractable noncentral-Wishart matrix distribution with a central-Wishart matrix distribution of equal mean, as proposed in [31] .
Thus, Siriteanu et al. [26] derived for MIMO ZF an approximate average error probability (AEP) expression from the moment generating function (m.g.f.) of the Gamma-distributed approximation of the symbol-detection signal-to-noise ratio (SNR). However, as explained in [26] and later in this paper, this approximation is unreliable. Therefore, our motivation herein is to provide the first exact (i.e., reliable) ZF analysis, by circumventing the Wishart distribution approximation.
We assume zero receive-correlation, which is realistic for widely-spaced receive-antennas immersed in rich scattering. This assumption also helps ensure analytical tractability [19] [20] . On the other hand, nonzero transmit-correlation is allowed, which is relevant for: 1) SU MIMO with insufficient transmit-antenna spacing or narrow transmit-AS, and 2) MU MIMO with streams from different mobile stations experiencing correlated fading [24] . Nevertheless, we shall find that the transmit-correlation has little effect on ZF performance for realistic Rician fading.
We also consider the following realistic fading model: only the intended stream (i.e., detected stream, whose symbol-detection performance is analyzed and simulated herein) encounters Rician fading, whereas the unintended (i.e., interfering) streams encounter Rayleigh fading. This scenario is referred to herein as Rician-Rayleigh fading 2 . Analyses of MIMO optimum combining and maximal ratio combining (MRC) have appeared in [13] interferers can be compounded with the receiver noise into a zero-mean white Gaussian vector.
B. Previous Work. Contributions
For transmit-correlated Rayleigh-Rayleigh fading, Gore et al. [19] showed that the ZF SNR is Gamma distributed by using the central-Wishart distribution of the matrix that appears in the SNR expression commonly used in ZF analyses [19, Eq. (5) ]. This matrix has a noncentral-Wishart distribution when any of the streams encounter Rician fading, rendering intractable the derivation of the exact SNR distribution as in [19] . The approximation with a central-Wishart-distributed matrix of equal mean employed in [28] [29] [30] has been found fairly reliable for the case of a rank-one channel-matrix mean that is formed as an outer-product of the transmit and receive array steering vectors [26] . Although the channel-matrix mean is also rank-one for Rician-Rayleigh 
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Section II introduces our statistical models for the transmitted signal, noise, and channel fading. Section III derives the exact m.g.f., p.d.f., and moments for the SNR of MIMO ZF in Rician-Rayleigh fading. Then, Section IV derives important performance measures for ZF, e.g., the diversity order, AEP, outage probability, and ergodic capacity. Section V presents numerical results from our analysis and Monte Carlo simulations. Appendix A sketches from [20, Section 3] the derivation of the ZF SNR for the intended stream conditioned on the channel matrix of the interferers. Finally, Appendix B discusses SIMO (N T = 1) maximal ratio combining (MRC) as a special case of MIMO ZF, and Rayleigh fading as a special case of Rician fading, revealing analogies and confirming that our analysis results reduce for these cases to previous results.
II. SIGNAL, NOISE, AND FADING MODELS
We consider an uncoded multiantenna-based wireless communication system over a frequencyflat fading channel. As mentioned, we assume that there are N T and N R antenna elements at the transmitter and receiver, respectively, with 
Above, E s /N T is the energy transmitted per symbol (i.e., per antenna), so that E s is the energy transmitted per channel use. The additive noise vector n is uncorrelated, circularly-symmetric, zero-mean, complex Gaussian with n ∼ N c (0, N 0 I N R ) [45] . Finally, H is the N R × N T complexGaussian channel matrix, assumed to have rank N T . The deterministic (i.e., mean) and random components of H are denoted as H d and H r , respectively, so that 
where it is assumed for normalization purposes that
is known as the Rician K-factor. Then, K = 0 yields Rayleigh fading, because H d = 0 and H r = H r,n . On the other hand, K = 0 can yield Rician fading. WINNER II [24] has modeled measured K (in dB) as a random variable with scenario-dependent lognormal distribution.
Throughout this paper, we assume zero receive-correlation. On the other hand, we assume nonzero transmit-correlation. We also need to assume, for tractability, as in previous work [19] [ 20] , that all transposed rows of H r,n have distribution N c (0, R T ). Then, all transposed rows of
Then, the elements of R T can be computed from the AS as shown in [26 
There is no interference among the transmitted streams, which explains the ZF name for this technique. However, the noise vector that corrupts the transmitted signal vector x in (4) has correlation matrix From (4), the SNR for stream k = 1 is readily expressed in the ratio form
that has been employed typically in ZF studies [19] 
degrees of freedom [19, Theorem] , i.e., γ 1 is Gamma-distributed [19] for the special case of Rayleigh fading. On the other hand, when some of the channel-matrix elements are Ricianfading, matrix W has a noncentral-Wishart distribution and the distribution of γ 1 is unknown.
Therefore, [26] evaluated an approximation of the noncentral-Wishart distribution with a centralWishart distribution of equal mean. However, as explained in [26] and later in Section V, this approximation is not always reliable.
The Wishart distribution can be bypassed by rewriting the ZF SNR as a Hermitian form, as shown next from [20] . Instead of partitioning W = H H H as done in [19] , let us partition the channel matrix H itself as
where h 1 is the N R × 1 channel vector corresponding to the intended stream, and H is the
with the channel vectors corresponding to the interfering streams. Then, as in [20] , we can rewrite γ 1 from (5) as
where the N R × N R Hermitian matrices H H H H −1 H H and Q are idempotent, have ranks N T − 1 and N , respectively, and have eigenvalues as listed below:
Q : 0, 0, . . . , 0,
Next, the m.g.f. of the SNR from (7) is derived by first conditioning on H (i.e., Q) and then by averaging over it.
B. Derivation of the M.G.F. of the Conditioned SNR
Since h 1 and the columns of H are assumed correlated in (6), conditioning γ 1 on H based on (7) requires explicit conditioning of h 1 on H (i.e., Q). For this, we follow the procedure from [20, Section 3] in Appendix A, to recast the distribution of γ 1 conditioned on Q as
with µ µ µ deterministic and defined in (44) in Appendix A.
Using Turin's result from [51, Eq. (4a)], the m.g.f. of γ 1 given Q can be written as
The natural next step is to average M γ 1 |Q (s) from (13) over Q, which is performed in the next subsection, but this requires the following further manipulation of M γ 1 |Q (s). First, let us consider the singular value decomposition H = UΣ Σ ΣV H , where
matrix Σ Σ Σ is the matrix with the singular values of H. Then, it can be shown that
We assume that diagonal matrix Λ Λ Λ N has the N unit-valued eigenvalues of Q grouped at the top-left on its main diagonal. Since only U is random, the conditioning of γ 1 on Q from (13) reduces to the conditioning of γ 1 on May 14, 2013 DRAFT U. By defining the N R ×1 deterministic unit-norm vector µ µ µ 1 = µ µ µ/ µ µ µ , further manipulating (13) yields
= 1
where ν ν ν 1 is a random N R × 1 vector whose distribution is discussed below.
C. Special Case: Rician-Rayleigh Fading
The analysis presented heretofore holds for the general case when any element of the channel matrix may experience Rician fading. On the other hand, the analysis presented hereafter applies only for the special case of Rician-Rayleigh fading, whereby stream 1 may experience Rician fading whereas streams i = 2 : N T experience Rayleigh fading, i.e.,
Although this assumption reduces the generality of our results it is required for tractability 4 .
Since matrix H is zero-mean complex-valued Gaussian distributed, matrix U is isotropically 
where M η 1 (t) is the m.g.f. of η 1 , which is derived next. Let us rewrite η 1 from (16) as follows: 
i.e., the Fisher-Snedecor distribution with parameters 2N and 2( 
i.e., 
Our earlier assumption that the interfering streams experience Rayleigh fading, i.e., (14) has the same (isotropic) distribution for any µ µ µ 1 .
Appendix B shows that the MIMO ZF SNR m.g.f. expression derived above for Rician fading reduces to that derived in previous work for SIMO (N T = 1) MRC. It also reveals that a performance analogy is possible between MIMO ZF and SIMO MRC for Rayleigh fading but not for Rician fading. Finally, it discusses per-stream performance-measure expression availability for MIMO ZF in Rician-Rayleigh and Rayleigh-Rayleigh fading.
E. Infinite Linear Combination of Gamma Distributions for ZF SNR
Based on (22), we can write the hypergeometric-function term from (23) as 
Thus, the ZF SNR p.d.f. corresponding to the m.g.f. from (24) is expressed as the following infinite linear combination of p.d.f.s of Gamma distributions:
For Rayleigh fading, i.e., α = 0, only the terms for n = m = 0 remain from (24) and (26), which yield the following, known, expressions for the ZF SNR m.g.f. and p.d.f. [19] [20]:
i.e., the ZF SNR has a Gamma distribution with shape parameter N and scale parameter Γ 1 . Rician Rayleigh
F. Moments of MIMO ZF SNR
By using in (23) the following 1 F 1 (·; ·; ·) derivative property [42, p. 300]
we have obtained, with some difficulty, closed-form expressions for the first two derivatives of M γ 1 (s), which are not shown. From them, we have expressed in Table I in (24) we can easily express the derivative of any order p of M γ 1 (s) as the infinite sum
which yields the moment of order p of γ 1 as follows
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IV. ZF PERFORMANCE MEASURES

A. ZF Diversity Order
The diversity order is the AEP slope magnitude when the transmit-SNR, i.e.,
, grows large. Now, the MIMO ZF SNR m.g.f. expression from (24) can be rewritten as
According to [55, Proposition 1] , a transmit-receive scheme whose SNR m.g.f. can be expressed as in (32) has diversity order N . Thus, ZF has diversity order N for both Rician and Rayleigh fading 6 . Nevertheless, there is an array gain 7 with Rician fading over Rayleigh fading, as shown in Section V.
B. Exact ZF AEP and Outage Probability Expressions
When the SNR m.g.f. expression is available, one can apply the elegant AEP-derivation procedure from [3, Chapter 9], e.g., for M PSK modulation (the same procedure also applies for other modulations). Given γ 1 , the error probability for stream 1 can be written as [3, Eq. (8.22) ]
Then, the AEP can be written in terms of the m.g.f. of γ 1 as follows [3, Chapter 9] :
Substituting (23) into (34) yields the following exact ZF AEP expression for the stream that experiences Rician fading when all the other streams experience Rayleigh fading:
On the other hand, substituting (24) into (34) yields the equivalent exact ZF AEP expression
6 Because ZF employs NT − 1 degrees of freedom to cancel interference and the remaining N to yield diversity gain. 7 Array gain is the left-shift of the plot AEP vs. For Rayleigh fading, i.e., α = 0, only the term for n = m = 0 remains from (36), i.e.,
Note that the integrals in (36) and (37) can be written in closed-form as explained in [56, Appendinx A].
Note that a ZF analysis approach based on the Wishart distribution approximation is described in [26] . There, the ZF SNR for fading that is allowed to be Rician-Rician is approximated as Gamma-distributed. Then, the same AEP derivation procedure as shown above yields the approximate AEP expression [26, Eq. (39) ]. Its accuracy is compared to that of the exact AEP expression from (35) in Section V.
Finally, integrating (26) , the ZF outage probability for the threshold SNR γ 1,th is [3, Eq. (1.4)]
Note that the outage probability is actually the SNR c.d.f.
C. Exact ZF Ergodic Capacity Expression
Given the SNR γ 1 at the ZF receiver, with p.d.f. expressed in (26) , the instantaneous capacity in bits per channel use is C(γ 1 ) = log 2 (1 + γ 1 ) [57, Eq. (30)], and the ergodic capacity is defined as E γ 1 {C(γ 1 )}. Since the ergodic capacity corresponding to a virtual SNR with the Gamma p.d.f. from (25) is given by [57, Eq. (40)]
the ZF ergodic capacity for Rician-Rayleigh fading can be expressed from (26) as follows: Table I ]. The shown AEP results are mostly from the new expression (35) and Monte Carlo simulations, but we also illustrate the Wishart-approximation-based AEP expression from [26, Eq. (39)]. Fig. 1 shows, for N T = 4, close agreement between the AEP from the new expression (35) and from simulation, which is consistent with our claim that (35) is exact. Fig. 1 for both Rician and Rayleigh fading, and that Rician fading outperforms Rayleigh fading by an array gain (dependent on N T ). As shown in [26] , for outer-product-based H d (i.e., r = 1 and all streams experience Rician fading when K = 0), the AEP averaged over all streams reveals a diversity order of N , but Rician fading is outperformed by Rayleigh fading (i.e., K = 0). 
Rice, exact Rice, sim. Rice, approx. K, the amount of fading varies less with the AS, which corroborates the observation that AS does not affect the AEP made earlier based on results shown for the Rician case in Fig. 3 . Fig. 7 shows the outage probability vs. γ b , from the exact expression (38) and from simulation. The threshold SNR γ th has been set to 8.2 dB, which corresponds for QPSK to the relevant error probability value P e,th = 10 −2 [56] . These figures again reveal a close match between our analysis and simulations. The P o plot also confirms a diversity order of N for both Rician and Rayleigh fading, with the former displaying an additional array gain. The derivation shown below follows closely that from [20, Section 3], but we provide it for completeness. We partition the N T × N T transmit correlation matrix R T,K according to (6) as
where 
AS (degrees)
Amount of Fading Table I vs. AS, for k = 1, NR = 4, NT = 2, and K = −10, 0, 7, 10 dB.
which is needed below and in the main text. Now, since the elements of h 1 and H in (6) are jointly Gaussian, the distribution of h 1 given H is [20, Appendix]
where a and µ µ µ are deterministic vectors of dimensions (N T − 1) × 1 and N R × 1, respectively.
As in [20, Section 3] , defining the random vector
and substituting it in (44) yields (26) and from simulation, for NR = 4, NT = 3, AS = 51
Thus, the receive-correlation remains zero after conditioning on H. On the other hand, the transmit-correlation enters the distribution of
. Now, substituting (46) in (7) and further manipulating as in [20, Eqs. (11) ,(12)] yields
which can be written more conveniently as shown in the main text at page 9, Eqs. (10)- (12) .
Notice that, although (47) has removed the explicit dependence of γ 1 on a, an implicit dependence would remain, through the mean of x, i.e., µ µ µ = h 1,d − H d a. However, our main-text assumption H d = 0 yields µ µ µ = h 1,d , which removes also the implicit dependence. Thus, the transmit-correlation R T affects the ZF SNR only through scalar R (1 − Γ 1 s)
The following corresponding AEP expression is obtained by substituting (48) into (34): (1 − Γ 1 s)
whereby Γ 1 = Es N 0 reflects the fact that the entire energy E s is transmitted in a single symbol.
Thus, comparing the SNR m.g.f. expressions for MIMO ZF from (27) and for SIMO MRC from (50) reveals performance equivalence when E s,MRC = E s,ZF /N T,ZF , and N R,MRC = N ZF = N R,ZF − N T,ZF + 1, for uncorrelated Rayleigh fading 9 . However, (23) and (48) do not support an analogous performance relationship between MIMO ZF and SIMO MRC for Rician fading.
C. Per-Stream Performance for MIMO ZF in Rayleigh and Rician Fading
For MIMO ZF in Rayleigh-Rayleigh fading (i.e., K = 0) that is receive-uncorrelated, the SNR m.g.f. for stream 1 is expressed in (27) . The SNR m.g.f. for any other stream can be expressed analogously, i.e., the SNR for stream k is Gamma distributed with shape parameter N and scale parameter [19] [20]:
Thus, for Rayleigh fading, ZF AEP performance for any stream k = 2 : N T is described by the same expression as for stream 1, i.e., Eq. (37), simply by replacing Γ 1 with Γ k . A similar analogy is not possible for Rician-Rayleigh fading because, whereas the exact SNR m.g.f. for the Rician stream is given by (23) , that for the Rayleigh streams is unknown 10 .
